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EXACT AVERAGES OF CENTRAL VALUES OF TRIPLE 
PRODUCT L-FUNCTIONS 

BROOKE FEIGON AND DAVID WHITEHOUSE 



Abstract. We obtain exact formulas for central values of triple product L- 
functions averaged over newforms of weight 2 and prime level. We apply these 
formulas to non-vanishing problems. This paper uses a period formula for the 
triple product L-function proved by Gross and Kudla. 
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Let /, g and h be normalized holomorphic modular forms which are eigenfunc- 
tions for the Hecke operators. Associated to such a triple is the triple product 
i-function 

Lis, f(Sg<^h)=Y[ Lpis, f(E)g(E)h) 
p 

defined by an Euler product of degree 8 which converges for JRs ::^ (see Section [2] 
for the definition of the local factors). An integral representation for L{s, f (E)g<E)h) 
was first obtained by Garrett |Gar87j using an Eisenstein series on Sp(6). Garrett 
treated the case that /, g and h are all of full level and have the same weight. His 
method was generalized further by Piatetski-Shapiro and Rallis |PSR87| using an 
adelic approach. The integral representation yields the meromorphic continuation 
of L(s, / (g) (7 (X) /i) to the complex plane as well as a functional equation. 

Naturally the central value of L{s, f (S) g ^S) h) is of considerable interest. In this 
paper we consider the case when /, g and h are of weight two and of the same prime 
level N. Let J^2{]^) denote the set of such forms. We obtain (see Section |4]) exact 
formulas for the average of L(2, f (E) g ^E) h) (the central value of L{s, f <S> g <S) h)) 
weighted by Hecke eigenvalues as one varies across the set J-2(-/V) while keeping 
none, one or two of the forms fixed. One of the main results is given by, 

1 
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Theorem 1.1. Let N be prime. Then for any h E F2{N), 

L{2J®g®h) 



Attn ^ 



equals 






'0; iV=lmodl2 

24 \ ,, ,, I 6\/3i(l,/i)i(l,/i(»X-3); iV = 5modl2 

(h,h) • 



N-lJ'- ' I 4L{l,/i)L(l,/i(g)X-4); iV = 7modl2 

.6V3L(l,/i)X(l,/i(g)X-3)+4L(l»L(l,/i®X-4); N = 11 mod 12. 

In this theorem ( , ) denotes the Petersson inner product normalized as in Section 
[5] below. We note an interesting feature of this result is the appearance of central 
values of smaller i-functions on the right hand side. 

In Section [S] we obtain some consequences of this formula on the non- vanishing 
of L(2, / (g) 5 (g) /i). For example two corollaries of this theorem are, 

Corollary 1.2. Let N > 25 be prime. For h € T2{N), 

*{{f.9) e J'liN) X F2{N) : L(2, / « g ® /i) ^ 0} », N^'^~\ 

Corollary 1.3. Let p be prime and let V be a place in Q above p. Let N be prime 
such that N = I mod 12 and p \ (N — 25). Then for any h G J-2{N), there exist 
f,g (z J^2iN) such that 

L^^s (2, / (g g (g /i) ^ mod V. 

The point of departure for this paper is a period formula for L(2, f(S)g<S)h) due to 
Gross and Kudla. Beginning with the work of Harris and Kudla |HK91| the central 
value of L{s,f (g 5 g) /i) has been linked to certain period integrals involving /, g 
and h or their Jacquet-Langlands transfers to multiplicative groups of quaternion 
algebras. In the case of squarefree level and weight two the work of Gross and Kudla 
[GK92] made this link precise by providing an exact formula for L{2, f ^ g (S) h) in 
terms of the period integral (which in this case is a finite sum) on the multiplicative 
group of a certain quaternion algebra. More precisely let D denote the quaternion 
algebra over Q which is ramified at N and 00. We fix a maximal order R hi D 
and let S = {/i, ...,/„} denote a (finite) set of representatives for the equivalence 
classes of left i?-ideals in D. The Jacquet-Langlands correspondence assigns to each 
/ € J-2{N) a function /' on S. The formula of Gross-Kudla (recalled in Theorem 
13. II below) yields, 

for any f,g,h e F2{N); here Wi — #i?f/2 where Ri denotes the right order 
associated to the ideal 7^. The question of computing the average for the central 
value of the triple product L-function is thus turned into one about functions on 
the finite set S. We carry out this analysis in Section H) 

The results of this paper could also have been obtained via the relative trace 
formula. In a previous work |FW09] we obtained exact formulas for averages of 
central values of twisted quadratic base change L-functions associated to Hilbert 
modular forms. In that paper we used an adelic relative trace formula together with 
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a period formula due to Waldspurger |Wal85j . In }FW09[ Section 1.2.3] the relative 
trace formula approach was recast in more classical terms for the case of modular 
forms of weight two and prime level. This present paper can also be viewed as 
a classical version of a relative trace formula; in this case one would construct a 
relative trace formula by integrating the automorphic kernel for D^ x D^ against 
a fixed automorphic form on D^ . 

The restriction in this paper to the case of prime level and weight 2 is for simplic- 
ity, in particular we do not need to deal with oldforms. The identity of Gross and 
Kudla has been further generalized by Bocherer and Schulze-Pillot [BSP96^ to more 
general levels and weights, Watson |Wat02] and finally Ichino Ich08 who gives an 
essentially complete treatment. One could treat more general levels and weights 
(with certain restrictions on the weights of /, g and h relative to each other) using 
the period formula from [BSP96| however it would perhaps be preferable to use the 
adelic period formulas coming from |Ich08| and work with an adelic relative trace 
formula. Furthermore in this way one could readily work over a general totally real 
number field and treat the case of triple product L-functions attached to Hilbert 
modular forms. 

2. Modular forms and L-functions 

We fix a prime N. We let M2{N) denote the space of modular forms of level N 
and weight 2 and let S2{N) denote the subspace of cuspforms. The Petersson inner 
product on S2{N) is normalized by. 



(/i,/2)-8^M h{z)f2{z)dxdy. 

JTo{N)\H 

We let J^2{N) denote the set of normalized Hecke eigenforms in 5*2 (A^). The size of 
J^2{N) when N is prime (see for example [MarOSl Theorem 1]) is given by, 

^-1; iV = lniodl2 

A^-l 1. 



(1) 1-^2(^)1 = <^ i^ii ?: 



iV = 5 mod 12 
iV EE 7 mod 12 



4^ + |; iV = llmodl2. 

We now recall from (Gro87j Eichler's work }Eic55b| . |Eic55aj on modular forms 
and quaternion algebras. Let D denote the quaternion division algebra over Q 
which is ramified at N and oo. We fix a maximal order R in D and take S = 
{7i, ...,/„} to be a set of representatives for the equivalence classes of left i?- ideals. 
To each ideal li one associates the maximal right order 

Ri^{x e D : /.xc/j. 

We set Wi = #i?f /2. 

For later use we recall Eichler's mass formula |Gro871 (1.2)], 



n 



N - 1 



. w, 12 

I— 1 

In Tabic [T] below we recall from jGro87| Table 1.3] the values for n and {w,} 
depending on N. We assume A^ > 3. 
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Table 1. 



N 


{w 


^} 


n 


= 1 mod 12 


{1,.. 


.,1} 


12 


= 5 mod 12 


{3,1,. 


..,1} 


N+7 
12 


= 7 mod 12 


{2,1,. 


..,1} 


JV+5 
12 


= 11 mod 12 


{3,2,1, 


...,1} 


Ar+13 
12 



Let M^ {N) denote the space of complex valued functions on S with inner product 
defined by, 



(51,52) ^^W^gl{I^)g2{I^)■ 



For each i with 1 < i < n we set e^ G AI^{N) equal to the characteristic function 
of li. We note that, 

(ei,ej) = S^jWi. 
We also define. 



n 

V-e.eMf(iV) 
' ^ 111. 



i=l 



and note that, 
(3) 



" 1 



N -1 



by ©. Let S^{N) C Mi'{N) denote the orthogonal complement of e in Mi'{N), 
i.e. S2{N) consists of those 

n 



such that 

n 

^ a, = 0. 

i=l 

Let T^ denote the Hecke algebra away from N . Then there is a natural action 
of T^ on S2{N) as a family of self dual and self-adjoint operators; see |Gro87[ 
Section 4]. The Jacquet-Langlands correspondence, which in this special case is 
already proven in jEic55b| and [Eic55a] , yields an isomorphism between ^2 (N) and 
S^{N) as modules over T^. Thus if 

f=J2 «"'?" ^ -^2(^) 

then there exists a non-zero /' G 5^(A^), which is weh defined up to scahng by 
multiphcity one, such that 

J^7nJ — 0,711 J 

for ah Tm e T^. For each / e J"2(A^) we fix such an /' e 5f (iV) normalized so 
that (/', /') — 1 and when we write 



/' = E^«(/)e^ 
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each Xi{f) G R. The existence of /' fohows from the self dual and self-adjoint 
properties of the Hecke algebra acting on 5*1^ (iV); see |GK92[ Proposition 10.2]. 
We note that /' is well defined up to multiplication by ±1. 

We recall that by [GroST, Proposition 4.4], for to > 1 and i = 1,2, . . . ,n, 

n 

where B{m) — {Bij{m)) is the Brandt matrix; see jGro87| (1.5)]. As a direct result 
of this and |Gro87| Proposition 2.7.1 and 2.7.6], 

r„ie = ij{m)Ne 

where 

a{m)N — y^ d. 

d\m,(d,N) = l 

By |Gro871 Proposition 1.9] 

tr(B(TO)) = Y^ HN{Am-s^) 

where Hm{D) is defined below. 

Let O-D be the order of discriminant —D, h{d) be the class number of binary 
quadratic forms of discriminant d and 

d=-3 
d=-4 
otherwise. 




Then we define 



mD)= y: 



dp = -D 



h(d) 
uid) 



and finally 



0; 
HiD); 



HMiD) = { iHiD); 



Hn{D/N^ 

N-l . 
24 ' 



N splits in O^d 

N inert in O-d 

N ramified in O-d and N does not divide the conductor of O-d 

N divides the conductor of O-d 

D = 0. 

By |Eic55a) . 

(4) tr(r„,|s,(W)) + ^{m)N = tr{B{m)) = ^ HN{4:m - s^). 

s2<4m 

We take a normalized Hecke eigenform 

oo 

/=5^a,ng'"e J"2(iV). 

We recall one defines the L-function of / by the Dirichlet series 

oo 
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Let X be a Dirichlet character of conductor M, then one defines, 



i(s,/®x)-E 



m" 

m—l 



As is weh known these L-functions satisfy an analytic continuation to C and, with 
this normalization, a functional equation relating s to 2 — s. 

Suppose now f,g,h € S2{N) and three (not necessarily distinct) normalized 
Hecke eigenforms. We write 

OO OO C30 

m—l m—l m—l 

For each prime p j^ N we write 

ap = ttp.i + ctp^2,bp = /?p,i + (3p^2,Cp = 7p4 +7p,2 
with 

o;p,iap^2 = I3p,il3p,2 = lp,ilp,2 = P- 
We also note that, 

aN,bN,CN e {±1}. 
The triple product L-function is defined by an Euler product 

L{s, f (E)g(E)h) ^Yl ^vi^^ I ®9®h), 
p 

which converges for 5fts > 5/2, where for p y^ N, 

2 2 2 
»=lj = lfc=l '^P,^Pp,3lp.kP 

and at N, 

1 1 



LNisJi^gi^h) 



1 — aNbNCNN * (1 — ajsfbNCi^N^ '^)2 

We define, 

L^isJ^g^h)^ (2^)3-4«r(.s)r(s - If 

and 

A(s, f ®g®h)= L{s, f (E)g(E) h)Loo{s, f ®g®h). 

Then f [GK921 Proposition 1.1] for this case) the function A{s,f g h) has an 
analytic continuation to the whole complex plane and satisfies the functional equa- 
tion 

A(s, f®g®h)= e/,g,^7Vi"-^^A(4 -sj^g^h), 
where 
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3. Period formulas 

The main results of this paper are obtained from relations between central L- 
values and period integrals obtained in [GK92J and |Gro87) . We now recall these 
results. 

Theorem 3.1. ^ GK92| Corollary 11.3]; Let N he prime and let f,g,h € J"2(A^). 
Then, 

For a fundamental discriminant — d < 0, let x-d denote the unique primitive 
quadratic character of conductor d such that x_d(— 1) = — 1- 

We shall also need the following special cases of |Gro87| Corollary 11.6]. 

Theorem 3.2. Let N be a prime such that N = 3 mod 4. Then there exists a 
unique k with 1 < k < n such that Wk — 2 and 

iAXJ)LiXJ®x-i) 
if J) 

foranyfeF2{N). 



= MfY 



Theorem 3.3. Let N be a prime such that N = 2 mod 3. Then there exists a 
unique k with 1 < k < n such that Wk — 3 and 



V^^ii^«fjp^ = A.(/)>, 



for any f eT2iN). 



4. Averages of central X-values 
In this section we apply the period formula of Gross and Kudla to the study of 

L(2, / (g) g (g) /i) 

as one varies over /, g, ft, G J^2{N). We begin with the average over one form. 
Lemma 4.1. For N prime and g,h ^ F2{N), 

>^ L(2,/0g0/i) ^ 3w ^2w,^2 12 

where 6g,h equals 1 if g — h and otherwise. 
Proof By Theorem O (Corollary 11.3 in |GK92| V 

As 

n In \ 

Y,w^,K{f)K{9)K{h) ^lf',Y,wM9)Uh)e..) 
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and {/' : / G J^2(^)} U {e/\/(e, e)} is an orthonormal basis for M.^{N), we have 

E (E^«?A.(/)A.(.9)A.(/i)) +J—lj2^M9)kih)\ ^Y.'^lHgfHhf, 
by Parseval's identity. The lemma now follows from ([3]) and by observing that 

n 

^w,X,{g)Xi{h) = {g',h') = Sg^h- 

D 

We now sum the previous formula over g weighted against a Hecke eigenvalue 
o-m{g) to obtain the following theorem. 

Theorem 4.2. Let N be prime with A^ = 11 or N > 13. Then for any h G F2{N), 

A AT \^ L{2,f®g®h) 

equals 

V^ 27,/ ^^ ,1^2 12cr(m)Ar 12 

^WiBu{m)\{h) J^-^l J^-^a-^yh). 

i=l 

Proof. By the previous lemma, 

(5) 

4-^ E if)iaa)Thf -^'^- ^ aU9)±wlKigfKihf- ^ ^«™(5)^..- 
Clearly, 

E jy_ -^ «m(g)'^gA = ^_^ a,n(/i), 

se.7='2(Af) 
provided J-'2{N) is nonempty. We have, 

n n 

E a™(5)E^^'^^(5)'A.(/^)^ = E^^'^'C^)' E «™(3)A.(3)' 

n 

= ^WiXiihf E {T,ng',e^){g',e,). 

i=l geJ'2iN) 



Recalling that {g' '■ g & J^2iN)} U {e/-\/(e,e)} is an orthonormal basis of M.P{N) 
and Tm is a self-adjoint operator we obtain, 

Hmg ,ei){g ,ei) H = {I^ei,ei). 

seJ=-2(JV) ^^'^' 

Hence 

2^ [T^g ,e.i}{g ,ei} =w^B^^{m) ^ _ ^^ ■ 

geJ^2(N) 
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Thus expression ([5]) is equal to the sum of 

n 

and 






N - 1 A^ ' '^ ' AT-i 

D 

We now speciahze this theorem to ttt, = 1 to get a more exphcit formula in this 
case. 

Corollary 4.3. Let N be prime with N = 11 or N > 13. Then for any h e F2{N), 

4^^ y L{2,f®g®h) 

,,,,^(^.) (/./)(3'ff) 

equals 

{0; iV = 1 mod 12 

6V3i(l,/i)L(l,/i(»X-3); iV = 5modl2 

4L(l,/i)L(l,/i(^X-4); iV = 7modl2 

6V3i(l, /i)i(l, /i (8) x-s) + 4L(1, /i)L(l, ft x-4); iV = 11 mod 12. 

Proof. Setting to = 1 in Theorem 14.21 gives. 

A AT \^ L{2,f®g®h) ^ 2x I,, 2 24 



Now we note that 

n n n n 

^ wlK{hf = ^(u;2 - w;,)A.(/i)' + ^ w;.A,(ft)2 = ^(«;f - w;,)A»(/i)' + 1- 

■i— 1 i— 1 i— 1 i— 1 

Thus, 

For the final term we note that the only terms which contribute are those for which 
Wi > 1. From Table [T] the only possibilities are Wi G {2,3} and in these cases we 
can interpret Xi{h)^ as a special L-value associated to h by Theorems 13.21 and 13.31 
Finally multiplying both sides of the identity by {h, h) yields the corollary. D 

We recall the well known fact that |J^2(^)| ^ ¥'(^) along with the bound 

(/,/)« TV (log iV)^ 

which follows from the Ramanujan conjecture proven by Deligne. These facts to- 
gether with Theorem [4?2] imply that. 



r^^ E Li2J^g^h)«,m 
which agrees with the Lindelof conjecture on the average. 
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Finally, we sum over all three forms against one Hecke eigenvalue. Let 
R-d{m) = |{o C OQ(^-d) : Nm(a) = m}\. 
Proposition 4.4. Let N be prime with A^ = 11 or N > 13. Then 

L{2J®g®h) 



A AT Y^ ^V^,^ i&Jy^&J li) 



equals 



24 



N-lJ 


1 / ^ j-j-i\y^ni o 
\s2<4m 


; u(_//(.yjv 1 


0; 




N = 1 mod 12 


2i?_3(m) 


- lv^Cr(m)Ar; 


iV = 5 mod 12 


i?_4(m) - 


lV^cr(™)jv; 


iV = 7 mod 12 



_2i?_3(m) + i?_4M - i^cr(m)jv; A^ = 11 mod 12. 
Proof. By Corollarv 14.31 this equals 



heJ^2{N) ^ ^ 

{0; iV = 1 mod 12 

6V3L(l,/i)L(l,/i(g)X-3); TV = 5 mod 12 

4L{l,h)L{l,h^X-4); iV = 7modl2 

6v^L(l, /i)L(l, /i ® x-s) + 4L(1, /i)i(l, h (g) x-4); A^ = 11 mod 12. 

Which equals 

24 \ 

^-j;^^y^iT„,\S2{N)) 

0; A^ = 1 mod 12 

6y3E.,^,W ^(^■^)|(yx-3) ^^(;^). AT ^ 5 mod 12 

L(l,/i)L(l,;t(giX-4) 



+ < 



4E.e^.W ^' (Mr^^^ «"'(fe); A^ ^ 7 mod 12 

6V3E.e^,W ^(^■'')|(yx-3) ^^(;^) + 4E.e^.(A.) ^(^-^)^(yx^^) ,^(;,). ^ ^ 11 ^„d 12. 

We now recall the following average value formulas which follow from [MR) where 
we note that we have adjusted the formula so that {h, h) is normalized as in this 
paper: 

6V3 2^ -j-^ a,n{h) = -l3R-3{m)-j;^—jcr{m)N 

and 

L(l,/i)L(l,/i(gX-4) ,,, 1 /^„ , , 12 



4 2^ j^j-^JT am(/i) = 2 I 2i?_4(m)- ^;^— YCr(m)Ar 

heJ^2{N} \ ^ ) \ 

The result now follows by applying Q. □ 
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By |GK92I Corollary 11.2(b)] for f,g,he T2{N) and any a G Aut(C) 



(/, f){g, g){h, h) J (/-, /-)(5^ ff-)(/i-, /1-) ' 

where f^ , g'^ and h'^ denote the modular forms obtained by applying a to the 
Fourier coefficients of /, g and h. Since f'^,g'^,h'^ e J-2(^) we see that, 

L{2J(S)g(S)h) 



AnN Y^ 



ifj)(g,g)(h,h) 

is fixed by every automorphism of C and hence is rational. By setting m = 1 in 
Proposition 14.41 we can compute this rational number. 



Corollary 4.5. For N prime, 

L(2, / (g) 5 (g) ft,) 



(7) inN Y. 



(fJ)(g,g)(Kh) 



= < 



^^^; iV=lmodl2 

^; AT = 5 mod 12 

^"jr^r - iV-7modl2 

^\+[^%^^^ TV =11 mod 12. 



Setting m — N and for simplicity restricting to A^ = 1 mod 12 we see that, 
Corollary 4.6. For N prime and N = 1 mod 12, 

5. Consequences of the average value formulas 

The exact formulas in Section |4] can be used to obtain information on the non- 
vanishing of L{2, f ® g ® h). Our first result is a direct consequence of Corollary 
and the non-negativity of L(l, h)L{l, h (g) X-d)- 



Corollary 5.1. Let N > 25 be prime. For each h e J-2{N) there exist f,g^ J'2{N) 
such that L(2, f ® g®h) ^Q. 

Using the convexity bound for L(2, f (E) g <E) h) together with Corollary 14.31 one 
obtains 

Corollary 5.2. Let N > 25 be prime. For h € T2{N), 

#{(/,5) e MN) X T2iN) : L{2J®g(g>h) ^ 0} », iV3/4-._ 

Proof. From |HL94j . 

1 (logiV)2 



(/,/) N • 

Applying this together with the non-negativity of i(l, h)L{l, h (g) X-d) to Corollary 
4.31 we have 

Y L{2,f<E>g<E>h):^N\\ogN)-'^. 

The corollary now follows from the convexity bound L{2, f ® g ® h) <Cc A^^/^+'^ 
[iKOl (5.21)]. D 
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We now define 

By |GK92[ Corollary 11.2(b)], L°'9(2, f®g®h) lies in the subfield of C generated 
by the Fourier coefficients of /, g and h and hence is algebraic. 

Corollary 5.3. Let p be prime and let V be a place in Q above p. Let N be prime 
such that N = I mod 12 and p \ (N — 25). Then for any h £ J-2{N), there exist 
f,g (z J^2{N) such that 

L"'5(2, f®g®h)^Q mod V. 

Proof. We note from Corollary 14.31 that 

^ L{2,f®g®h) _ N~25 

The corollary is now immediate. D 



6. Numerical verification 

In this section we check our formulas with some numerical calculations. We note 
that when N = 11, 17 or 19, \T2iN)\ = 1. Thus the left hand side of (0) in Corollary 
4.51 has only one term. The following values can be deduced from |GK92[ Table 
12.5] and the period formula (Theorem 13.11 which is Corollary 11.3 in |GK92j V 



(8) AnN Y: "^^'"^^^^'^ 



(fJ)(g,g)(Kh) 




These values agree with Corollary 14.51 

We now consider the case that N ~ 37. In this case |J^2(37)| = 2, n = 3 
and Wi — 1 for each i with 1 < « < 3. Furthermore if we enumerate the set 
S = {/i,/2,/3} as in pK92] Table 12.5] then there exists /i G J"2(37) such that, 

/{ = 7|(2ei -62 -eg). 

We also have, 

e = ei +62 +63. 

If we write J^2(37) = {/i, 72} then /j is a unit vector in M^{37) which is orthogonal 
to /{ and 6 and hence can be taken to be 
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We now use Theorem l3.1l (Corollary 11.3 in |GK92j ) to compute the relevant triple 
product L-functions. We have, 

i(2,/i(8)/i<8)/i) _1 



4-377r 



(/i,/i)(/i,/i)(/i,/i) 6 

(/l,/l)(/l,/l)(/2,/2) 
(/l,/l)(/2,/2)(/2,/2) 6 

H2j2®h®h) _. 

(/2,/2)(/2,/2)(/2,/2) • 



377r 
377r 



We have 



and 



^ {fj){9,9){.fiji) 6 6 3 



/,se.F2(37) 



Hence, 



4-377r > ,„ „,, ,,, , X = 7 +3- + 3- - +0 = -■ 

As one can readily check, these values agree with Corollaries 14.31 and 14.51 
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